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Abstrat
We study properties of rank metri and odes in rank metri over nite elds. We show
that in rank metri perfet odes do not exist. We derive an existene bound that is the
equivalent of the GilbertVarshamov bound in Hamming metri. We study the asymptoti
behavior of the minimum rank distane of odes satisfying GV. We derive the probability
distribution of minimum rank distane for random and random GF (q)-linear odes. We give
an asymptoti equivalent of their average minimum rank distane and show that random
GF (q)-linear odes are on GV bound for rank metri. We show that the overing density
of optimum odes whose odewords an be seen as square matries is lower bounded by a
funtion depending only on the error-orreting apability of the odes. We show that there
are quasi-perfet odes in rank metri over elds of harateristi 2.
1 Introdution
Rank metri over nite elds used for purposes of orreting rank errors in information transmission
was rst introdued by E. M. Gabidulin in 1985, [8℄. In this metri odes of length n an either
be viewed as sets of vetors over some extension eld GF (qm) or equivalently as m× n matries
over some base eld GF (q). The rank of the odewords orresponds to the usual matriial rank
over GF (q) for the matriial representation. This metri is suitable for orreting errors whih an
our as matries of upper-bounded rank. In the same seminal paper, E. M. Gabidulin onstruted
an optimal (for the metri) family of linear odes using properties of the Frobenius automorphism
of the extension. They an be onsidered as the equivalent for rank metri of Reed-Solomon odes.
They have polynomial time deoding algorithms based either on some kind of extended Eulidian
algorithm for the family of linearized polynomials. More reently, in 1991, R. M. Roth designed a
family of matriial odes over GF (2) orreting rissross errors up to a given rank. These odes
are suitable for orreting errors that our on rows or olumns of matries like for example on
tape storage. In fat they form the matriial ounterpart of the family of optimal odes published
by E. M. Gabidulin [24℄. Other families of odes with polynomial-time deoding algorithm have
been designed by onsidering the projetion of these odes on subelds or on subspaes, or even
by adding some random matries to the struture of diret produt of the odes (RRC odes for
example), see [21, 10℄.
Apart from being suitable for orreting rissross errors as they might our on tape storage,
rank metri was involved in the design of oding-theory based publi-key ryptosystems with
redued key size. The main reason was that the deoding omplexity of random linear odes in
rank metri is muh higher than in Hamming metri for the same set of parameters (ompare
the omplexity of algorithms desribed in [5, 22℄ to the omplexity of the algorithm given in
[4℄ for deoding in Hamming metri). Therefore the size of the publi-key an be signiantly
redued by keeping the same seurity level against deoding attaks. This onsideration lead to
the design of several publi-key ryptosystems relying on this metri ever sine, see for example
[12, 11, 21, 2, 3, 7℄.
Very reently rank metri over nite elds found appliations in the eld of spae-time oding
where the onept of diversity states the minimum rank of dierenes of matries omposing a ode
∗
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over the omplex eld. Indeed, it has been shown how to onstrut odes with a given diversity
d from odes over GF (2) with minimum rank distane d, see for example [17℄. Part of this work
was further extended in [15℄.
All these reasons and also the dispersion of results onerning rank metri motivated our
interest in the study of its general properties over nite elds, as well as properties of odes in this
metri. Therefore, this paper does not only present new results but ollets and present results
that have already been published or are widely known about rank metri over nite elds and
about odes in the metri.
In a rst part we reall some basi fats about the metri and some of its properties. We also
give bounds on the volumes of spheres and balls of the metri. This result is used in the proofs
further in the paper. Conerning the odes we give the denition of minimum rank distane for
non-linear and for linear odes. We show that the operation of transposing the ode is a rank
preserving isomorphism. This enables us to deal only with the ase where the length of the ode
is less than the extension degree of the ode. Is it not the ase ? Just take the transposed ode.
Then, on the same model as in Hamming metri, we dene the lassial sphere-paking and
Singleton bound. Thanks to the sphere-paking inequality and to the approximations on the
volume of balls, we show that no perfet odes exist in rank metri.
We prove a Gilbert-Varshamov like bound on the existene of ode with given parameters, and
we derive an asymptoti equivalent of the minimum rank distane of a ode satisfying said to be
on GV.
Conerning random odes, we evaluate their average minimum rank distane and show that, in
well-hosen ases, the probability that the eetive minimum distane deviates from the average
ase tends to 0 asymptotially. More preisely, we show that random GF (q)-linear odes are
asymptotially on GV.
In the last part, we study odes that satisfy the Singleton inequality. They are alled MRD-
odes for Maximum Rank Distane odes. After realling the formula given by Gabidulin on the
rank distribution of linear MRD-odes, we present some simulations showing that rank distribution
of random odes and of MRD-odes is very similar. In addition, we prove that the density of
orretable errors for MRD-odes orresponding to odes formed with square matries is lower
bounded by a funtion depending only on the error-orreting apability of the ode. In the
speial ase where one onsiders elds of harateristi 2, we show that even if there are no perfet
odes in rank metri, quasi-perfet odes exists, that is there exists a family of odes whih are
asymptotially perfet.
2 Properties of rank metri
In the rest of the paper the ode alphabet will be the nite eld GF (qm) with qm elements where
q is the power of some prime. Let b = (β1, . . . , βn) be a basis of GF (q
m) over GF (q). The
integer n will denote the length of the ode. Thus vetors of the ambient spae GF (qm)
n
will
be indierently onsidered as vetors with omponents in GF (qm) or as m × n q-ary matries
obtained by projeting the elements of GF (qm) on GF (q) with respet to the basis b.
Rank norm of a vetor from GF (qm)
n
is dened by
Denition 1 ([8℄)
Let x = (x1, . . . , xn) ∈ GF (qm)n. The rank of x on GF (q), is the rank of matrix
X =

 x11 · · · x1n..
.
.
.
.
.
.
.
xm1 · · · xmn

 ,
where xj =
∑n
i=1 xijβi. It is denoted by Rk(x|GF (q)), or more simply by Rk(x) whenever there is
no ambiguity.
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Rank metri is the metri over GF (qm)
n
indued by the rank norm. Given a vetor x ∈ GF (qm)n
spheres and balls in rank metri have the following expression:
• Sphere of radius t ≥ 0 entered on x: S(x, t) def= {y ∈ GF (qm)n | Rk(y − x) = t}.
• Ball of radius t ≥ 0 entered on x: B(x, t) def= ∪ti=0S(x, i).
Sine rank metri is invariant by translation of vetors, the volumes of spheres and balls do not
depend on the hosen enter. Therefore to simplify notations, we dene
• St def= volume of sphere of radius t in GF (qm). It is equal to the number of m × n q-ary
matries of rank = t. If t = 0 then S0 = 1 and for t = 1, . . . ,min(n,m) it is equal (see for
example [1℄) to
St =
t−1∏
j=0
(qn − qj)(qm − qj)
qt − qj . (2.1)
• Bt def= volume of ball of radius t in GF (qm). It is equal to the number of m× n matries of
rank ≤ t in GF (q). Therefore
∀t = 0, . . . ,min(n,m), Bt =
t∑
i=0
Si. (2.2)
2.1 Bound on spheres and balls in rank metri
These quantities (2.1) and (2.2) being not very onvenient to handle, we derive the following
bounds, whih are not very tight but suient and easy to handle for the following of the paper:
Proposition 1
For all t = 0, . . . ,min(n,m), we have{
q(m+n−2)t−t
2 ≤ St ≤ q(m+n+1)t−t2 ,
q(m+n−2)t−t
2 ≤ Bt ≤ q(m+n+1)t−t2+1.
(2.3)
Proof. It is learly true for t = 0. Now, for t = 1, . . . ,min(n,m), we have
• Volume of spheres: Formula for (2.3) an be rewritten
St = q(m+n)t−t
2
t−1∏
j=0
(1 − qj−n)(1− qj−m)
1− qj−t .
For all j = 0, . . . , t− 1, sine t ≤ min(n,m) we have{
(1− qt−n−1)(1− qt−m−1) ≤ (1− qj−n)(1 − qj−m) ≤ 1,
1 ≥ 1− qj−t ≥ 1− 1q = q−1q .
For the same reason (1 − q−1) ≤ (1− qt−min(n,m)−1). Therefore
(1 − 2q−1 + q−2) ≤ (1− qt−n−1)(1 − qt−m−1).
Sine q has to be the power of a prime, we have q ≥ 2. This implies that (1 − 2q−1) ≥ 0
and that q−2 ≤ (1 − qt−n−1)(1 − qt−m−1). Moreover under the same ondition we have
q/(q − 1) ≤ q. Therefore every term of the produt satises
∀j = 0, . . . , t− 1, q−2 ≤ (1− q
j−n)(1 − qj−m)
1− qj−t ≤ q.
And we obtain the desired result for the volume of the sphere of radius t.
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• Volume of balls: Sine the volume of a ball is larger than that of a sphere with the same
radius, the lower bound omes diretly from the lower bound for spheres. Let L = m+n+1,
the upper bound on the volume of spheres implies that
Bt ≤
t∑
i=0
qLi−i
2
= qLt−t
2
(
1 +
t−1∑
i=0
q(L−i−t)(i−t)
)
.
For i from 0 to t − 1 we have L − i − t ≥ L − t and (i − t) < 0. Therefore q(L−i−t)(i−t) ≤
q(L−t)(i−t). And by hanging variables, we nally obtain
Bt ≤ qLt−t2

1 + t∑
j=1
q−(L−t)j

 .
The geometrial sum an easily omputed. Namely,
1 +
t∑
j=1
q−(L−t)j =
1− q−(L−t)(t+1)
1− q−(L−t) ≤
1
1− q−(L−t) .
Sine t ≤ min(m,n) and q ≥ 2, we have 1/(1− q−(L−t)) ≤ 2 ≤ q. This proves the result for
the volume of Bt.

2.2 Minimum rank distane of a ode
A ode C of length n and of size M over GF (qm) is a set of M vetors of length n over GF (qm).
Its minimum rank distane is dened by
Denition 2
Let C be a ode over GF (qm), then d def= minc1 6=c2∈C(Rk(c1 − c2)) is alled minimum rank
distane of C.
If the ode is GF (q)-linear (it is most often the ase when onsidered as a matriial ode) or
even linear and sine rank metri is invariant by translation, the minimum rank distane of the
onsidered ode is
d = min
c6=0∈C
(Rk(c)). (2.4)
If d is the minimum rank distane of C we will say that C is a (n,M, d)r-ode. Moreover if the
ode is linear of dimension k we will say that it is a [n, k, d]r-ode.
2.3 Transposed ode
A (n,M, d)r-ode over GF (q
m) an be seen as a (m,M, d)r-ode over GF (q
n) by the following
proedure : As in denition 1, any row vetor x ∈ GF (qm)n of rank t orresponds to a q-ary
m× n matrix X by extending its omponents row-wise on the hosen basis B of GF (qm)/GF (q).
Consider the following mapping
T : GF (qm)n −→ GF (qn)m
x = (
∑m
i=1 x1iβi, . . . ,
∑m
i=1 xniβi)
T7−→ xT =
(∑n
j=1 xj1γj, . . . ,
∑n
j=1 xjmγj
)
,
where γ1, . . . , γn is a basis of GF (q
n)/GF (q). Clearly the mapping T is a rank-preserving isomor-
phism between GF (qm)
n
and GF (qn)
m
. By using this mapping we dene the notion of transposed
ode.
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Denition 3 (Transposed ode  see [13℄)
• Let x ∈ GF (qm)n, then xT = T (x) is alled transposed vetor of x.
• Let C be a (n,M, d)r ode over GF (qm), the (m,M, d)r-ode over GF (qn) dened by CT =
{xT | x ∈ C}, is alled transposed ode of C.
The denition and properties of transposed odes lead us to onsider only the ase where
n ≤ m, the other ases being symmetri by taking the orresponding transposed ode.
Remark 1
By properties of T , if a ode C is GF (q)-linear then its transposed ode CT is also GF (q)-linear.
However T being only GF (q)-linear and not GF (qm) linear, if C is linear then CT has no reasons
to be linear.
3 Upper bounds and perfet odes
In this setion we reall a Singleton-like bound for rank metri odes and state an equivalent to
the sphere-paking bound. We show that there are no perfet odes in rank metri.
Theorem 1
Let C be a (n,M, d)r ode over GF (qm). We have
• Singleton-like bound: M ≤ qmin (m(n−d+1),n(m−d+1)).
• Sphere paking-like bound: If t = ⌊(d− 1)/2⌋, then
M × Bt ≤ qmn, (3.5)
For the proof of Singleton-like bound see [8, 21℄. The proof of the sphere-paking bound omes
from the fat that, for rank metri, two balls of radius t = ⌊(d− 1)/2⌋ entered on odewords do
not interset. Thus, the full overing has size less than the whole spae. The proof is idential as
for odes in Hamming metri.
Now the Sphere-paking bound raises a question: If we dene a perfet ode for rank metri as
a (n,M, d)r-ode over GF (q
m) suh that M ×Bt = qmn, does a suh ode exist and for whih set
of parameters ?
The following proposition answers the question
Proposition 2 There are no perfet odes in rank metri.
Proof. Suppose on the ontrary that a perfet ode does exist with parameters (n,M, d)r over
GF (qm), that is suppose that
M × Bt = qmn.
Without loss of generality we an assume that n ≤ m (Else onsider the transposed ode). The
right part of the inequality (2.3) on the volume of balls implies that
Mq(m+n+1)t−t
2+1 ≥ qmn.
Moreover, from Singleton bound we have M ≤ qm(n−d+1). Sine t = ⌊(d− 1)/2⌋ this implies that
M ≤ qm(n−2t). Therefore
q(m+n+1)t−t
2+m(n−2t)+1 ≥ qmn.
By taking the base q logarithm of the inequality and by reordering the terms, we obtain
(n−m)t ≥ t2 − t+ 1.
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By hypothesis n−m ≤ 0 and t > 0. Therefore we must have t2 − t− 1 ≤ 0. Sine t is integer the
only possibility is t = 1 and aordingly n = m. In that ase however the formula that parameters
have to satisfy is M × B1 = qn2 . Hene
qn(n−2)︸ ︷︷ ︸
Singleton
q2n − 2qn + q
q − 1 ≥M
q2n − 2qn + 1
q − 1 + 1︸ ︷︷ ︸
B1
= qn
2
,
whih implies
1− 2
qn
+
1
q2n−1
≥ q − 1. (3.6)
This inequality annot be satised for q ≥ 2.

Though no perfet odes exist, we will see in setion 6.2 that onsidering the ase where q = 2
and m = n, there exist families of linear odes that are almost perfet that is, given any integer
I < 2n
2
, there is a (n,M, d)r ode suh that I < MBt < 2n2 .
4 A VarshamovGilbert like bound
Until now we have obtained bounds and results on the non-existene of odes in rank metri with
given parameters. What then of the existene of odes ? We dene an equivalent of the famous
VarshamovGilbert bound for the rank metri. An alternative denition was given in [14℄, but here
it is more onvenient to establish another one for future proofs. We also dene what does mean
for a ode to be on GV, and give an asymptoti equivalent of the bound under some onditions
on m and n.
Proposition 3
Let m,n,M, d be positive integers. If
M × Bd−1 < qmn, (4.7)
then there exists a (n,M + 1, d)r-ode over GF (q
m).
Proof. We suppose given integers n and d, M satisfying equation (4.7). We will prove the
proposition by onstruting a ode with required parameters.
• Construting a ode with two elements: we hoose randomly a vetor c ∈ GF (qm)n. Sine
M ≥ 1, and from equation (4.7), we have that GF (qm)n \ B(c, d− 1) 6= ∅. Therefore there
is at least a vetor d ∈ GF (qm)n \B(c, d− 1). The ode with two elements formed by c and
d has minimum rank distane at least d.
• Indution step: Suppose that we have onstruted a (n,M ′, d)-ode C where M ′ ≤ M . Let
us onsider the set formed by the union of balls of radius d− 1 entered on the odewords,
we have
V def=
⋃
c∈C
B(c, d− 1).
This implies in partiular that |V| ≤M × Bd−1. Therefore, from equation (4.7) there exists
a vetor a ∈ GF (qm)n \ V . Therefore C′ = C ∪ {a} is a (n,M ′ + 1, d)r-ode.

From this we now dedue another denition:
Denition 4
A (n,M, d)r-ode is said to be on GV if
(M − 1)× Bd−1 < qmn ≤M × Bd−1, (4.8)
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We an wonder if as it is the ase in Hamming metri we an obtain an asymptoti value for
the minimum rank distane of a ode on GV ?
Proposition 4
Consider a (n,M, d)r-ode C over GF (qm) where m ≥ n. Then, if C is on GV we have
d
m+ n
n→+∞∼ 1
2
−
√
logqM
m+ n
√
1 +
(m− n)2
4 logqM
,
provided mn ≥ logqM = λ(n)(m + n), where λ(n) = o(n) tends to +∞ with n.
Proof. By taking the base q logarithm of the inequalities (2.3), we obtain from property (4.8)
that {
mn ≤ (m+ n+ 1)(d− 1)− (d− 1)2 + 1 + logqM,
logq(M − 1) + (m+ n− 2)(d− 1)− (d− 1)2 < mn.
Sine M ≥ 2 we have further that logq(M − 1) ≥ logq(M) − logq(2) ≥ logq(M) − 1. Hene the
minimum distane of the ode must satisfy{
0 ≤ −d2 + (m+ n+ 3)d+ logqM −mn− (m+ n+ 1),
0 ≥ −d2 + (m+ n)d+ logqM −mn− (m+ n).
The inequalities are given by seond order equations whose disriminant are respetively
∆1 = (m− n)2 + 4 logq(M) + 2(m+ n) + 5,
∆2 = (m− n)2 + 4 logq(M)− 4(m+ n).
Therefore the minimum distane of a ode on GV satises the inequalities
1
2
− −
√
∆1 + 3
2(m+ n)
≤ d
m+ n
≤ 1
2
−
√
∆2
2(m+ n)
.
Under the onditions of the theorem (logqM = λ(n)(m + n), where λ(n) = o(n) and tends to
innity with n), it is not very diult to omplete the proof of the proposition.

Example 1
A speial ase is when m = n and for a family of onstant rate odes 0 < R < 1 that is
logqM = n
2R.
In that ase we have
d
n
∼ 1−
√
R.
This result implies that the ratio of the minimum rank distane on the length of the ode is asymp-
totially onstant.
Remark 2
Dening an equivalent of GV bound is less relevant in rank metri than in Hamming metri.
Namely, in setion 6.3, we will see that for any set of parameters odes satisfying Singleton equality
exist, therefore always exeeding GV bound. Moreover, they are at least additive and an easily
be onstruted from linear odes and overall we know how to onstrut a polynomial-time deoder.
Therefore this ase is radially dierent from the ase of Hamming metri where there no MDS-
binary odes exist. Random binary odes are proved to be on GV, whih gives a benhmark for
odes that an be onstruted.
In rank metri the main interest of establishing the GV bound is to study how random odes
are good regarding this bound - this is the objet of next setion. Another interesting question is
to measure the interval between the minimum rank distane of odes on GV and Singleton bound.
Bounds were given in [14℄ and simulation were made on the ase where the ratio n/m is onstant
≤ 1.
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5 Random odes
Random odes provide benhmarks for the odes that an be onstruted. In Hamming metri,
random GF (q)-linear odes are good. They are even often better than families of odes for whih
we know polynomial-time deoders. In addition it was shown that linear odes asymptotially
ahieve GV-bound. The question is the same onerning rank metri. Where are random odes
loated ompared with GV bound ?
First we dene what are random odes
Denition 5
• A random ode of length n and of size M over GF (qm) is a set of M distint uniformly
hosen vetors of GF (qm)
n
.
• A random GF (q)-linear ode of length n and of size M = qK is dened
C =


K∑
j=1
λjbj , ∀j = 1, . . . ,K, | λj ∈ GF (q)

 ,
where for all j = 1, . . . ,K, bj ∈ GF (qm)n are GF (q)-linearly independent uniformly hosen
vetors.
In this setion we rst establish the probability distribution of the minimum rank distane
of random odes and of random GF (q)-linear odes. After upper bounding this distribution, we
show that the probability that the minimum rank distane of the ode is outside some interval
dereases exponentially whenever the length of the odes inreases. This enables us to prove the
following theorem, whih is the main result of the setion.
Theorem 2
Let C be a (n,M, d)r-random (GF (q)-linear or not) ode over GF (qm). Let N = M − 1, if C
is GF (q)-linear and N = M(M − 1)/2 if not. Suppose moreover that n ≤ m and qαmn ≥ N ≥
3 logq(n)q
m+n
for some α < 1. If
Mn def= m+ n
2
−
√
(m− n)2
4
+ logq N,
then the expetation E(d) and the variane V ar(d) of the minimum rank distane of C satisfy for
n→∞ {
E(d) = Mn +O(1),
V ar(d) = O(Mn).
Sine, in the hypotheses of the theorem the Mn tends to innity with n, an immediate orollary
of the theorem obtained by applying the well-known Chebyshef's inequality is
Corollary 1
Let (Cn) be a family of (n,Mn, dn)r-random odes over GF (qm) where
• m ≥ n,
• qαmn > Mn > 3 logq(n)qm+n for a xed α < 1.
Then let ψ be an inreasing funtion of n. We have
Pr
(|dn − E(dn)| > ψ(n)√n) n→∞−→ 0
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This orollary shows that, whenever the onditions are satised, the minimum distane of random
odes orresponds to its expetation with a probability as small as possible.
Therefore, in the ase of random GF (q)-linear odes that is, whenever N =M − 1 we dedue
a result analog to the result in Hamming metri:
Corollary 2
Under the ondition of the previous orollary, random GF (q)-linear odes are on GV.
5.1 A bound on the minimum rank distane distributions
We rst deal with random odes and then with random GF (q)-linear odes.
Random odes Let C be a (n,M, d)r-random ode over GF (qm). We dene the following
random variables:
∀i = 1, . . . , n,
{ Ai = ∣∣{(c1, c2) ∈ C2 | Rk(c1 − c2) = i}∣∣ ,
Di = ∪it=1Ai = |
{
(c1, c2) ∈ C2, c1 6= c2 | Rk(c1 − c2) ≤ i
} |.
The random variable Ai ounts the number of pairs of odewords at distane exatly equal to
i whereas the random variable Di ounts the number of pairs of distint odewords at distane
≤ i. From this, the random variable d speifying the minimum rank distane of C satises the
distribution
∀i = 1, . . . , n, pi def= Pr(d = i) = Pr(Di−1 = 0, Di ≥ 1).
From Bayes' rule we have Pr(d = i) = Pr(Di ≥ 1 | Di−1 = 0)Pr(Di−1 = 0). For all i = 1, . . . , n,
the random variable Di an be expressed as
Di =
∑
c6=d∈C2
1
Rk(c−d)≤i
Therefore Di is equal to 0 if and only if for all c ∈ C and d ∈ C suh that c 6= d, Rk(c−d) ≥ i+1.
Sine the ardinality of the ode is equal to M and by taking into aount the symmetries (i.e.
the fat that Rk(c − d) = Rk(d− c)), we have
Pr(Di−1 = 0) =
(
1− Bi−1
qmn
)M(M−1)/2
. (5.9)
We also have
Pr(Di ≥ 1 | Di−1 = 0) = 1− Pr(Di = 0 | Di−1 = 0).
It is lear equally that, sine Di = Ai ∪ Di−1, we have
Pr(Di = 0 | Di−1 = 0) = Pr(Ai = 0 | Di−1 = 0).
Sine the words of the odes are randomly hosen one an see that
Pr(Ai = 0 | Di−1 = 0) =
(
1− Si
qmn − Bi−1
)M(M−1)/2
Hene we nally obtain
Pr(Di ≥ 1 | Di−1 = 0) = 1−
(
1− Si
qmn − Bi−1
)M(M−1)/2
. (5.10)
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Random GF (q)-linear odes The approah for GF (q)-linear odes is the same exept that
GF (q)-linearity modies the denition for the minimum rank distane of the ode, see formula
(2.4). If we set
∀i = 1, . . . , n,
{ Ai = |{c ∈ C | Rk(c) = i}| ,
Di = ∪it=1Ai = | {c ∈ C \ {0}, | Rk(c) ≤ i} |,
we have
∀i = 1, . . . , n, pi def= Pr(d = i) = Pr(Di−1 = 0, Di ≥ 1).
Sine
Di =
∑
c∈C\{0}
1
Rk(c)≤i,
and sine the vetors bj forming a GF (q)-basis for C are uniformly hosen, one an hek that
Pr(Rk(c) = i | c ∈ C) = Pr(Rk(c) = i) = Bi/qmn. Therefore
Pr(Di−1 = 0) = Pr(∀c ∈ C \ {0},Rk(c) ≥ i) =
(
1− Bi−1
qmn
)M−1
(5.11)
and
Pr(Di ≥ 1 | Di−1 = 0) = 1−
(
1− Si
qmn − Bi−1
)M−1
(5.12)
From the previous paragraphs, by multiplying (5.9) by (5.10) in the general ase or (5.11) by
(5.12) in the GF (q)-linear ase and sine Bi = Bi−1 + Si one obtains the following proposition
Proposition 5
Let C be a (n,M, d)r random ode over GF (qm). Let N = M − 1, if C is GF (q)-linear and
N =M(M − 1)/2 if not. Let
∀i = 1, . . . , n, pi = Pr(d = i).
Then we have
∀i = 1, . . . , n, pi =
(
1− Bi−1
qmn
)N
−
(
1− Bi
qmn
)N
, (5.13)
where Bi designs the volume of the ball of radius i in GF (qm)n.
From formula (5.13) and using the fat that for any positive integer N ,
∀a ≥ b ≥ 0, aN − bN = (a− b)
N−1∑
j=0
ajbN−1−j ≤ N(a− b) (max(a, b))N−1 ,
we dedue the following upper bound
pi ≤ NSi
qmn
(
1− Bi−1
qmn
)N−1
. (5.14)
The following lemma will help to prove theorem 2, by giving ranges for integer 1 ≤ i ≤ n where
the probability pi is upper-bounded by an exponential term.
Lemma 1
Let C be a (n,M, d)r random ode over GF (qm). Let N = M − 1, if C is GF (q)-linear and
N =M(M − 1)/2 if not. Let
∀i = 1, . . . , n, pi = Pr(d = i), then
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• If 1 ≤ i ≤ m+n2 −
√
(m−n)2
4 + logqN +
m+n
2 + λ(n), then there is a positive onstant 0 < C1
suh that
pi ≤ C1q−λ(n) (5.15)
• If N ≥ qm+nµ(n) and if n ≥ i ≥ m+n2 −
√
(m−n)2
4 + logqN − (m+ n)− logq µ(n), then
there is a positive onstant C2 suh that
pi ≤ e−C2µ(n). (5.16)
Proof.
To prove this lemma, we upper-bound pi by upper-bounding the inequality (5.14)
• The upper bound (2.3), gives
pi ≤ NSi
qmn
(
1− Bi−1
qmn
)N−1
︸ ︷︷ ︸
<1
≤ NSi
qmn
≤ q(m+n+1)i−i2−mn+logq N .
The right part of the inequality is smaller than q−λ(n) if and only if −i2 + (m + n + 1)i −
mn+ logqN + λ(n) ≤ 0. The disriminant of this seond order inequation is
∆1 = (m− n)2 + 1 + 2(m+ n) + 4 logqN + 4λ(n).
Therefore if i is smaller than the smallest root of the inequation, that is if
i ≤ m+ n+ 1
2
−
√
(m− n)2
4
+ logq N +
n+m
2
+ λ(n) + 1/4,
then by taking C1 = q
−1/4
the inequality (5.15) is satised.
• For the other bound we have
pi ≤ Si
qmn︸︷︷︸
<1
N
(
1− Bi−1
qmn
)N−1
= e
(N−1) ln
(
1−
Bi−1
qmn
)
+lnN
.
Sine by property of the logarithm funtion ∀0 ≤ x < 1 ln(1− x) ≤ −x, we have
N
(
1− Bi−1
qmn
)N−1
≤ e−(N−1)
Bi−1
qmn
+lnN
Moreover, if we use the lower bound given in (2.3), we have
−(N − 1)Bi−1
qmn
≤ −q(m+n−2)(i−1)−(i−1)2−mn+logq(N−1).
Hene
N
(
1− Bi−1
qmn
)N
≤ e−µ(n),
provided in partiular that q(m+n−2)(i−1)−(i−1)
2−mn+logq(N−1) ≥ µ(n). This orresponds to
−i2 + (m+ n)i− (m+ n) + 1−mn+ logq(N − 1)− logq µ(n) ≥ 0.
The disriminant of the seond order equation is equal to
∆2 = (m− n)2 + 1 + 4(logq(N − 1)− (m+ n)− logq µ(n)).
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Sine by hypothesis we have N ≥ qm+nµ(n) we an show that ∆2 ≥ 0 and sine there exists
a onstant C suh that ∀N > 1 logq(N − 1) ≤ logqN + C, for all integer i suh that
n ≥ i ≥ m+ n
2
−
√
(m− n)2
4
+ logq N − (m+ n)− logq µ(n),
we also obtain pi ≤ e−C2µ(n), where C2 = qC is a onstant

The asymptoti behavior of the upper bounds on the pi depend on how the parameters m and
N inrease when the length n of the ode inreases. The idea to prove theorem 2 is to onsider
positive inreasing funtions λ and µ, suiently fast but not too fast so that the ontribution to
that the probability that the minimum rank distane of the ode be equal to i outside the interval
given by
m+ n
2
−
√
(m− n)2
4
+ logq N +
n+m
2
+ λ(n) < i <
m+ n
2
−
√
(m− n)2
4
+ logqN − (m+ n)− logq µ(n)
tends asymptotially to 0.
5.2 Proof of the theorem
Now we will prove theorem 2.
Proof of theorem 2
By denition the expetation of the minimum rank distane is given by
E(d) =
n∑
i=1
ipi.
We shall use the results obtained in lemma 1 with λ(n) = µ(n) = 3 logq n. This hoie is arbitrary
but suient for the rest of the proof.
The interest is that, sine logq N inreases faster than (m+ n) the ontribution of funtions λ
and µ under the radial is always negligible ompared to the ontribution of the other funtions.
We dene 

an =
⌊
m+n
2 −
√
(m−n)2
4 + logq N +
m+n
2 + λ(n)
⌋
,
bn =
⌊
m+n
2 −
√
(m−n)2
4 + logq N − (m+ n)− logq µ(n)
⌋
+ 1.
From the hypotheses, and the hoies λ and µ, for suiently large n, an > 1 and bn < n. From
the results of lemma 1, for all 1 ≤ i ≤ an and bn ≤ i ≤ n, there is a onstant C suh that
pi ≤ C/n3. Therefore { ∑an
i=1 ipi ≤ Cn3
∑n
i=1 i = O
(
1
n
)
,∑n
i=bn
ipi ≤ Cn3
∑n
i=1 i = O
(
1
n
)
.
Moreover sine we deal only with positive terms, we have
an
bn−1∑
i=an+1
pi ≤
bn−1∑
i=an+1
ipi ≤ bn
bn−1∑
i=an+1
pi.
By using one more the results of previous lemma and the fat that
∑n
i=1 pi = 1 we have
1− C
n2
≤
bn−1∑
i=an+1
pi ≤ 1.
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Hene, if we write Mn = m+n2 −
√
(m−n)2
4 + logq N , then
an −Mn − Can
n2
+O
(
1
n
)
≤ E(d)−Mn ≤ bn −Mn + O
(
1
n
)
.
We have
 −1 +
√
(m−n)2
4 + logq N −
√
(m−n)2
4 + logqN +
m+n
2 + λ(n) ≤ an −Mn,
1 +
√
(m−n)2
4 + logqN −
√
(m−n)2
4 + logq N − (m+ n)− logq µ(n) ≥ bn −Mn.
For the integer N satisfying the hypotheses of the theorem, in both ases the dierene between
radials has nite limit when n tends to innity. Therefore the dierene between radials is equal
to O(1)
One an equally hek that the quantity an does not inrease faster than n
2
for m ≥ n. This
implies that
Can
n2 = O(1). Therefore
E(d) =Mn +O(1). (5.17)
The variane is given by V ar(d) = E(d2)− E(d)2. From (5.17) we have
E(d)2 =M2n +O(Mn),
and from the denition of E(d2).
E(d2) =
an∑
i=1
i2pi︸ ︷︷ ︸
=O(1)
+
n∑
i=bn
i2pi
︸ ︷︷ ︸
=O(1)
+
bn−1∑
i=an+1
i2pi.
Using the same approah as before, under the onditions of the theorem, Mn tends to innity
with n. Therefore O(1) is negligible ompared to O(Mn).
a2n −M2n +O(Mn) ≤ V ar(d) ≤ b2n −M2n +O(Mn).
Moreover a2n−M2n = (an+Mn)O(1) = O(Mn) and b2n−M2n = (bn+Mn)O(1) = O(Mn), whih
gives the desired result.

6 Maximum Rank Distane odes
Singleton inequality provides an upper bound on the ardinality of odes with given parameters.
We all optimal odes or MRD (Maximal Rank Distane) odes, odes satisfying the Singleton
equality
Denition 6 (MRD-odes  [8℄)
A (n,M, d)r-ode over GF (q
m) is alled MRD if
• M = qm(n−d+1), if n ≤ m.
• M = qm(n−d+1), if n > m
From this denition it follows that, whenever a ode is MRD, the orresponding transposed ode
is also MRD.
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6.1 Rank weight distribution of MRD-odes
In Hamming metri, the weight distribution of MDS-odes is well-known [18℄. Gabidulin showed
the rank distribution of odes in rank metri ould be expressed by the following formula.
Proposition 6 ([8℄)
Let As(n, d) be the number of odewords of rank s of a MRD-ode over GF (q
m). Then
Ad+ℓ(n, d) =
[
n
d+ ℓ
]
q
ℓ∑
t=0
(−1)t+ℓ
[
d+ ℓ
ℓ + t
]
q
q(
ℓ−t
2 )
(
qm(t+1) − 1
)
, (6.18)
where
[
n
i
]
q
is the Gaussian binomial.
Our ontribution to this setion omes from the simulations we made to evaluate the random-
ness degree of MRD-odes. Through these simulations we obtained that the rank distribution
of random GF (q)-linear odes in rank metri was almost idential to the weight distribution of
linear MRD-odes. Results are presented in table 6.1. The table gives the base 2 logarithm of the
proportion Ai(32)/2
mn
for m ≥ 32. The left-most urve orresponds to m = 32, the right-most
to m = 40. We made simulations for random GF (q)-linear odes as well as for MRD-odes suf-
iently large with the same parameters. For ranks signiantly greater than the minimum rank
distane both urves oinide very aurately.
–80
–70
–60
–50
–40
–30
–20
–10
0
24 26 28 30 32
Table 1: Base 2 logarithm of proportion of words of given rank in an MRD-odes of length n = 32
over GF (2m), where m = 32, 33, 35, 40.
6.2 Covering density of MRD odes
In setion 3 we proved that no perfet odes existed in rank metri. However a natural question
ould be: what is the defet of perfetitude of MRD-odes that is, given a (n,M, d)r MRD-ode
what is the volume of the spae overed by balls of radius ⌊(d− 1)/2⌋ ompared to the volume of
the whole spae. The overing density of the ode is thus dened by
D =
MBt
qmn
,
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where t = ⌊(d − 1)/2⌋. By using the bounds on the volume of the balls given in (2.3), we get
immediately the following proposition
Proposition 7 (Density of MRD-odes)
Let C be a MRD-ode, (n, qm(n−2t), 2t+ 1)r over GF (qm). The overing density of C satises
1
q(m−n+2)t+t2
≤ D ≤ 1
q(m−n−1)t+t2
,
The proposition shows that whenever the length of the ode equals the extension degree, i.e.
n = m, whih an be the ase for square-matrix odes, and if n tends to ∞, then its overing
density is lower bounded by the quantity q−t
2−2t
depending only on the rank error-orreting
apability of the ode.
Partiular ase of rank 1 orreting MRD odes For 1-error orreting odes wherem = n,
we an express the exat formulas for balls and obtain.
Proposition 8
A (n, qn−2, 3)r MRD-ode over GF (q
n) has a overing density equal to
D =
1− 2q−n + q−2n+1
q − 1 . (6.19)
There is a speial interest in the binary ase. In setion 3, we have proved that there are no
perfet odes in rank metri. We dedue the following orollary from previous proposition
Corollary 3
Let F = {Ci}i≥2 be a family of (i, 2i−2, 3)r MRD-odes over GF (2i). If Di is the overing
density of ode Ci then
lim
i→∞
Di = 1.
This means that F is a sequene of odes with inreasing length and alphabet that are asymptot-
ially perfet. We say that the odes in F are quasi-perfet.
6.3 A family of deodable optimal odes: Gabidulin odes
In previous setion, we established results on MRD-odes before knowing if odes with suh optimal
properties existed. The answer is yes and a family of linear MRD-odes was onstruted by
E. M. Gabidulin in 1985, see [8℄. In 1991 R. M. Roth designed also a family of MRD-odes for
rank metri in the form ofm×n-matrix ode. It appeared that both onstrutions were equivalent.
Codes dened by R. M. Roth an be obtained by onsidering the matriial form over the base eld
of the words of some Gabidulin odes [24℄.
Denition 7 (Gabidulin ode)
Let g = (g1, . . . , gn) be a vetor of elements of GF (q
m) that are linearly independent over
GF (q), let
G =


g1 · · · gn
.
.
.
.
.
.
.
.
.
g
[k−1]
1 · · · g[k−1]n

 , (6.20)
where [i]
def
= qi. The ode generated by G is the k-dimensional Gabidulin ode Gabk(g). g is alled
generating vetor g of the ode.
15
Gabidulin odes are evaluation odes of so-alled linearized polynomials also alled q-polynomials
or still Øre polynomials sine they were rst introdued by O. Øre in the 30's, see [19, 20℄.
Gabidulin odes share many similarities with the well-known family of Reed-Solomon odes. In
partiular the polynomial-time deoding algorithms are based on some Extended Eulidian algo-
rithm for linearized polynomials or a Welh-Berlekamp approah. The interested reader an refer
to the historial genesis of the algorithms [8, 9, 24, 23, 9, 16℄.
From previous setion we know their rank distribution, as well as their overing density. Sine
Gabidulin odes are MRD-odes, we an show that
Proposition 9
For all i ≥ 2, Gabi−3(gi), is a quasi-perfet ode provided the vetors gi ∈ GF (2i)i onsist of
omponents that are linearly independent over GF (2).
Proof.
Consider the family F = {Gabi−3(gi)}i≥2, where gi ∈ GF (2i)i is formed with linearly inde-
pendent omponents. The family F satises the onditions of orollary 3.

7 Conlusion
In this paper we presented general results about rank metri and the existene and the properties of
odes in this metri. Problems and properties of a suh metri have not been as intensively explored
as properties of Hamming metri. Some interesting problems already solved for Hamming metri
remain unsolved yet. For example, we do not know any equivalent of the MaWilliams transforms,
whih link the minimum rank distane of a linear ode and the minimum rank distane of its dual.
Some steps towards this ahievement an be found in a work published by Delsarte [6℄. In that
paper, matries with oeients in a nite eld are onsidered as matries of quadrati forms and
notion of orthogonality dened is related to the trae of a produt of matries. By this approah,
the author established an equivalent of MaWilliams transforms. However, there are no simple
transformations linking the standard salar produt over nite elds and the trae of the produt
of orresponding matries.
Another interesting point to investigate ould be to onstrut odes with a polynomial-time
deoding algorithm whih are not designed on the basis of the odes introdued in [8, 24℄. Indeed,
even subspae subodes or subeld subodes of these odes are isomorphi to odes from the same
family with smaller parameters, see [10℄. Projeting the odes does not aet their struture
onversely to the ase of Hamming metri where many interesting and widely used odes are
subeld subodes of Reed-Solomon odes.
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